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Quantum gravity may shed light on the prehistory of the universe. Quantum corrections to
gravity affect the dynamics of the expansion of the universe. Their influence is studied on the
example of the exactly solvable quantum model. The corrections to the energy density and pressure
lead to the emergence of an additional attraction (like dark matter) or repulsion (like dark energy)
in the quantum system of the gravitating matter and radiation. The model explains the accelerating
expansion (inflation) in the early universe (the domain of comparatively small values of quantum
numbers) and a later transition from the decelerating expansion to the accelerating expansion of
the universe (the domain of the very large values of quantum numbers) from a single approach. The
generation of primordial fluctuations of the energy density at the expense of the change of sign of
the quantum correction to the pressure is discussed.
PACS numbers: 98.80.Qc, 98.80.Cq, 95.35.+d, 95.36.+x
Quantum gravity may shed light on the prehistory of
the universe before the big-bang scenario takes over. Nu-
merous different models were proposed to reconcile the
classical theory of gravity, based on general relativity,
with current astrophysical data [1–3]. The transition
from the classical model of the universe to its quantum
analog adds a new element to the theory in the form
of the quantum corrections to the energy density and
pressure. The method of constraint system quantization
can be taken as a basis of quantum theory of gravity
suitable for the investigation of cosmological and other
quantum gravitational systems. In this article, we use
quantum geometrodynamics in order to study an influ-
ence of quantum corrections on the dynamics of a quan-
tum gravitational system (universe). For this purpose,
it is reasonable to investigate this problem in terms of
exactly solvable cosmological model.
We will consider an isotropic cosmological model de-
scribed by the Friedmann-Robertson-Walker metric. In
the case of the maximally symmetric geometry, the ge-
ometric properties of the system are determined by a
single variable, namely the cosmic scale factor a. The
matter sector is taken in the form of a uniform scalar
field φ (a surrogate of physical fields) and a perfect fluid
which defines the material reference frame enabling one
to recognize the instants of time. The Hamiltonian of the
system has the form [4–8]
H =
N
2
{− pi2a − a2 + a4[ρφ + ργ ]}
+ c1
{
piΘ − 1
2
a3ρ0s
}
+ c2
{
piλ˜ +
1
2
a3ρ0
}
, (1)
where pia, piΘ, piλ˜ are the momenta canonically conjugate
with the variables a, Θ (the thermasy), λ˜ (the potential
for the specific free energy taken with an inverse sign),
ρφ is the energy density of matter represented by a scalar
field φ, ργ is the energy density of a perfect fluid, which
is a function of the density of the rest mass ρ0 and the
specific entropy s [9]. The N , c1, and c2 play the role of
the Lagrange multipliers.
Here and below we use the Planck system of units. The
length lP =
√
2G~/(3pic3) is taken as a unit of length
and the ρP = 3c
4/(8piGl2P ) is used as a unit of energy
density and pressure, where G is Newton’s gravitational
constant. The proper time τ is measured in units of
length.
The Hamiltonian (1) is a linear combination of con-
straints and thus weakly vanishes, H ≈ 0. The varia-
tions of the Hamiltonian with respect to N , c1, and c2
give three constraint equations,
− pi2a − a2 + a4[ρφ + ργ ] ≈ 0,
piΘ − 1
2
a3ρ0s ≈ 0, piλ˜ +
1
2
a3ρ0 ≈ 0. (2)
From the conservation of these constraints in time, it
follows that the number of particles of a perfect fluid in
the proper volume 12a
3 (or 2pi2a3, if a is taken in units of
length) and the specific entropy conserve: 12a
3ρ0 = const,
s = const. Taking into account these conservation laws
and vanishing of the momenta conjugate with the vari-
ables ρ0 and s, one can discard degrees of freedom cor-
responding to these variables, and convert the second-
class constraints into first-class constraints [4–6], in ac-
cordance with Dirac’s proposal. In quantum theory,
first-class constraint equations become constraints on the
state vector and, in this way, define the space of physical
states [10].
It is convenient to choose the perfect fluid with the
density ργ in the form of relativistic matter (radiation).
Then, one can put a4ργ ≡ E = const. Passing from
classical variables in constraint equations (2) to corre-
sponding operators, we obtain the quantum constraint
equations, which vanish when applied to the state vec-
tor 〈a, φ|Ψ(T )〉, where T is the “arc-parameter measure
of time” connected with the proper time τ by the differ-
ential equation dτ = adT [7, 8]. The solution of these
equations gives the evolution of |Ψ(T )〉 in the time pa-
rameter T in the form
|Ψ(T )〉 = ei 23E(T−T0)|Ψ(T0)〉, (3)
2where T0 is an arbitrary constant taken as a time refer-
ence point. The vector |Ψ(T0)〉 ≡ |ψ〉 satisfies the equa-
tion (
−∂2a + a2 − 2aHˆφ
)
|ψ〉 = E|ψ〉. (4)
The operators
Hˆφ =
1
2
a3ρˆφ, Lˆφ =
1
2
a3pˆφ (5)
are the operators of Hamiltonian and Lagrangian of the
scalar field φ, where
ρˆφ = − 2
a6
∂2φ + V (φ), pˆφ = −
2
a6
∂2φ − V (φ), (6)
are the operators of energy density and pressure respec-
tively, V (φ) is the potential term.
In the case E = 0, Eq. (4) reduces to the Wheeler-
DeWitt equation of a ‘minisuperspace model’ of the uni-
verse filled with a uniform scalar field.
The Hamiltonian Hˆφ can be diagonalized by introduc-
ing the complete set of orthonormalized functions 〈χ|uk〉
of quantum scalar field in the representation of general-
ized variable χ = χ(12a
3, φ). The explicit form of χ is de-
termined by the form of the potential V (φ) [7]. For exam-
ple, in the model V (φ) = λαφ
α, where λα is the coupling
constant and α ≥ 0, we have χ = (2λα) 12+α
(
a3
2
) 2
2+α
φ.
After averaging over quantum states |uk〉, the scalar
field turns into matter characterized by the energy den-
sity ρm and pressure pm,
ρm = 〈uk|ρˆφ|uk〉, pm = 〈uk|pˆφ|uk〉. (7)
The expectation value of the Hamiltonian is
〈uk|Hˆφ|uk′〉 =Mk(a)δkk′ , (8)
where the index of the state k can take both discrete and
continuous values, Mk(a) =
1
2a
3ρm is the proper energy
of matter in the volume 12a
3 with the energy density ρm.
Calculating the expectation values (7), we obtain
ρm =
2Mk(a)
a3
, pm = wmρm, (9)
where the equation-of-state parameter wm is equal
wm = −1
3
d lnMk(a)
d ln a
. (10)
In the general case, the proper energy Mk(a) depends
on a. It describes a classical source (as a mass-energy)
of the gravitational field.
In the specific case, in the model V (φ) = λαφ
α, mat-
ter reduces to the barotropic fluid with the parameter
wm =
α−2
α+2 , which does not depend on a. For α = 0,
the barotropic fluid takes the form of the vacuum of the
scalar field in the kth state. The value α = 1 corresponds
to the strings. Matter in the form of dust is reproduced
by α = 2, whereas α = 4 leads to the relativistic mat-
ter and so on. The so-called stiff Zel’dovich matter is
obtained in the limiting case α =∞.
Using Eq. (8), one can integrate Eq. (4) with respect
to the matter field variable. Expressing the vector |ψ〉
in the form of expansion in terms of the complete set of
states |uk〉,
|ψ〉 =
∑
k
|uk〉〈uk|ψ〉, (11)
from Eq. (4), we obtain the equation for the function
〈a|fk〉 ≡ 〈uk|ψ〉,(−∂2a + a2 − 2aMk(a)) |fk〉 = E|fk〉. (12)
This equation is an eigenvalue equation. Its solution |fk〉
is an eigenfunction corresponding to the eigenvalue E.
The function |fk〉 describes the geometrical properties of
the quantum universe filled with matter, whose mass-
energy is Mk(a).
In order to turn to the classical observables, we shall
look for the solution of Eq. (12) in the form
〈a|fk〉 = Ck√
∂aSk(a)
eiSk(a). (13)
where the phase Sk can, generally speaking, be complex
and Ck is the constant determined by the boundary con-
dition on the function 〈a|fk〉, e.g. on the asymptotics
a→∞.
The phase Sk(a) satisfies the non-linear equation
(∂aSk)
2 + a2 − 2aMk(a)− E = 3
4
(
∂2aSk
∂aSk
)2
− 1
2
∂3aSk
∂aSk
.
(14)
This equation is exact. It is equivalent to Eq. (12). In
the classical limit, the right-hand side of Eq. (14) van-
ishes (it is proportional to l4P in physical units) and
this equation turns into the Hamilton-Jacobi equation
for the action Sk(a)|~=0 = Sclassk (a) and the momentum
∂aS
class
k (a) = −aa˙, where a dot is used to denote the
derivative with respect to the proper time τ . This sim-
ple equation modifies, when quantum gravity effects are
taken into account.
Using Eqs. (11) and (13), from the equation of motion
〈ψ| − i∂a|ψ〉 = 〈ψ| − dadT |ψ〉 [7, 8], we get the operator
equality
∂aSk +
i
2
∂2aSk
∂aSk
= − da
dT
. (15)
From this equation, it follows that, generally speaking,
the scale factor a can be complex. The possibility of an
introduction of a complex metric tensor and its relation
to real physical gravitational field was studied [8, 11, 12].
Taking the common point of view, we shall assume that
the physical gravitational field is described by the real
part of the metric.
3Using Eqs. (13) and (15), Eq. (14) can be rewritten in
the form of the Einstein-Friedmann equation
(
a˙
a
)2
= ρm + ργ + ρq − 1
a2
. (16)
Differentiating Eq. (16) with respect to the proper time τ
and taking into account the first law of thermodynamics,
we have
a¨
a
= −1
2
[ρm + ργ + ρq + 3 (pm + pγ + pq)] . (17)
Here ρm and pm are the energy density and pressure of
matter with the equation-of-state parameter (10), ργ and
pγ are the energy density and pressure of radiation with
the equation of state pγ =
1
3ργ , ρq and pq are the quan-
tum corrections to the total energy density and pressure,
which have the form
ρq =
Qk(a)
a4
≡ 2MQ(a)
a3
, pq = wqρq, (18)
where MQ(a) =
1
2a
3ρq is the proper energy of the quan-
tum source of the gravitational field and the equation-of-
state parameter is equal to
wq =
1
3
(
1− d lnQk(a)
d ln a
)
. (19)
In Eq. (19), the first term is a correction for relativity,
while the second one comes from the quantum dynamics
of the system and it is expressed via the function of the
gravitational quantum source
Qk(a) = i∂
2
aSk +
1
2
[(
∂2aSk
∂aSk
)2
− ∂
3
aSk
∂aSk
]
. (20)
The equations (16) and (17), rewritten in physical units,
demonstrate that the energy density ρq and pressure pq
contain the terms proportional to l2P (from the first term
on the right-hand side of Eq. (20)) and l4P (from the term
in square brackets).
The function of the gravitational quantum sourceQk is
a real-valued function, only when the phase can be repre-
sented in the form Sk = iS
Euclid
k with the real-valued Eu-
clidean action. In other cases, this function is complex-
valued. The imaginary part of the gravitational quantum
source can be responsible for creation and annihilation of
particles.
The influence of the gravitational quantum source on
the dynamics of the expanding universe depends on the
value and the sign of the corresponding energy density
and pressure.
If there exists the domain, where the real-valued func-
tion Qk(a) > 0 and lnQk(a) depends on ln a, so that
wq can be parametrized in the form wq = − 13δ, where
δ is an arbitrary positive or negative constant, then the
quantum corrections can imitate, for example, the contri-
bution from the de Sitter vacuum (δ = 3), domain walls
(δ = 2), strings (δ = 1), dust (δ = 0), radiation (δ = −1),
or perfect gas (δ = −2). In such a model, the quantum
source is Qk(a) ∼ aδ+1. Identifying the energy density
ρq > 0 with the energy density of dark energy, one finds
that the case δ = 3 reproduces the cosmological constant
[13], the values 1 < δ < 3 correspond to the quintessence
[14–16], whereas the phantom field [17, 18] is described
by the values δ > 3.
However, it is possible that quantum effects will gen-
erate the quantum corrections, for which the function
Qk(a) < 0 and the corresponding energy density is nega-
tive. This case is not extraordinary. According to quan-
tum field theory, for instance, vacuum fluctuations make
a negative contribution to the field energy per unit area
(the Casimir effect). As it was shown in Ref. [19], the
quantum correction ρq takes a negative value near initial
cosmological singularity.
In this connection, it is appropriate to study an ex-
actly solvable model with the potential of scalar field
V (φ) = λ2φ
2. Then mass-energyMk(a) =
√
2λ2(k+
1
2 ) ≡
M = const, where k = 0, 1, 2, . . . is the number of non-
interacting identical particles with the mass
√
2λ2 in the
state |uk〉 of scalar field. The equations (12) and (14)
have analytical solutions. The eigenvalue E is deter-
mined by the condition of quantization E = 2n+1−M2,
where n = 0, 1, 2, . . . is the quantum number which nu-
merates the discrete states of the universe in the potential
well ζ2 ≡ (a−M)2, and
∂ζS(ζ) = i
eζ
2
H−2n (ζ)
2
∫ ζ
0
dx ex2H−2n (x)
, (21)
where Hn(ζ) is the Hermitian polynomial, and the index
n for S is omitted to simplify the notation. The function
of the source Qk(a) has the form
Q(ζ) = −(2n+ 1) + 2n Hn−1(ζ)Hn+1(ζ)
H2n(ζ)
. (22)
This function depends on quantum nth state of the uni-
verse. The condition ργ =
E
a4
≥ 0 imposes a restriction
on the mass M of the universe, M ≤ √2n+ 1, in accor-
dance with the quantization condition for E ≥ 0. The ob-
served part of our universe is characterized by the param-
etersM ∼ 1061 (∼ 1080 GeV) and E ∼ 10118 (ργ ≈ 10−10
GeV/cm3). From the viewpoint of the model under
consideration, it is in the state with n ∼ 10122 (up to
∼ 10−4). This estimate practically coincides with the es-
timate given in Ref. [20]. Therefore, one can put E =M2
(for the early universe) and E = 0 (for the universe with
n≫ 1) for numerical estimations.
From the explicit form of Eq. (22), it follows that the
function of the gravitational quantum source Qk(a) is
negative and oscillates n times in the interval 0 ≤ a <∞.
This function and its first derivative with respect to a
diverge at the points, where the Hermitian polynomial
Hn(ζ) vanishes. In order to get rid of these divergences,
41 2 3 4 5 6
a
-8
-6
-4
-2
a4Ρq= QkHaL
FIG. 1. The quantum corrections ρq (18) to the total en-
ergy density multiplied on a4 for the quantum source Qk (22)
versus the scale factor a for n = 2 and M = 1.58.
we shall use the following regularization procedure,
1
Hαn
→ 1
Hαn
Rn, (23)
where an alternating series is introduced,
Rn =
∞∑
ν=0
(−1)ν
(
εn
Hαn
)ν
= 1− εn
Hαn
+ . . . . (24)
Here εn is some regularization parameter chosen so that
the positions and magnitudes of maxima of the function
Qk(a) do not change. The series (24) is summed
Rn =
(
1 +
εn
Hαn
)
−1
. (25)
In Fig. 1 for illustration purposes, it is shown the quan-
tum correction ρq as a function of a with the specific
values n = 2, M = 1.58, E = M2, which correspond
to the early universe, and εn = 2(2n + 1). The main
features of the behaviour of ρq remain intact up to the
values n ≫ 1 and E ≪ M2. It is multiplied on a4 in
order to exclude the divergence in the point of the initial
cosmological singularity a = 0 from the consideration.
This quantum correction to the total energy density in
Eqs. (16) and (17) is found to take only negative values.
When the number n increases, the number of oscillations
increases as well.
In the Fig. 1, one can see that Qk(0) = const and
Qk(a)→ −1 at a→∞. The local maximum corresponds
to the point a =M .
The quantum correction pq to the pressure is shown
in Fig. 2. This quantum correction pq takes negative
values near the origin a = 0 and at large values of a. It
passes through the point pq = 0 at a < 1 and then takes
positive values. The pressure changes from positive to
negative near the point a =M , it changes from negative
to positive near a = 2M and again switches from positive
to negative after a = 4M .
The peculiarities of the behaviour of the pressure pq
manifest themselves in the behaviour of the deceleration
5.5 6.0 6.5 7.0 7.5 8.0
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2 4 6 8 10
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FIG. 2. The quantum corrections pq (18) to the pressure
multiplied on a4 for the quantum source Qk (22) versus the
scale factor a for n = 2.
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FIG. 3. The deceleration parameter q for the quantum source
Qk (22) versus the scale factor a for n = 2.
parameter q = −aa¨
a˙2
drawn in Fig. 3. It appears that
when one takes into account the quantum corrections for
the universe filled with dust and radiation, the universe
changes from deceleration (near the initial cosmological
singularity at a = 0) to accelerating expansion for small
a. The deceleration parameter takes negative and posi-
tive values. It changes from positive to negative near the
points a = M and a = 2M . The deceleration parameter
describes the accelerating universe for a < M and for
a > 2M up to the end. The acceleration decreases as
the scale factor a increases. Extrapolating this solution
for the case of larger values of n we come to the conclu-
sion that the quantum corrections generate an additional
attraction in the universe acting as dark matter or a re-
pulsion which can be associated with dark energy. The
quantum corrections can, in principle, produce both the
inflationary expansion in the early universe (n > 1) and
the accelerating expansion in later times (n ∼ 10120).
The way how the quantum corrections exhibit them-
selves on the total energy density ρtot = ρm + ργ + ρq
can be seen in Fig. 4. The two minima are given by the
minima of the quantum correction ρq shown in Fig. 1.
The first minimum corresponds to the case, when the
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FIG. 4. The total energy density ρtot multiplied on a
4 for the
quantum source Qk (22) versus the scale factor a for n = 2.
quantum correction exceeds the contribution from the
ordinary matter to the total energy density in the very
early universe. The second minimum demonstrates the
predominance of the ordinary matter over the contribu-
tion from quantum effects in the later era. A bulge of a
curve near a =M can be considered as a density fluctu-
ation stipulated by corresponding growth of the pressure
pq from negative values to positive values for a < M and
subsequent change to negative values near a =M , shown
in Fig. 2. In general case, there are n− 1 fluctuations for
any value of n. Such fluctuations may play the role of
seeds for future large-scale structure.
In the domain a > 2M , the quantum correction ρq
has the form ρq = −σ2a6 , where σ2 weakly depends on
a (see Fig. 1). As it is shown in Ref. [7], σ2 = 38N
2,
where N is the number of particles with spin 12 of the
Weyssenhoff fluid in the volume 12a
3 [21, 22]. The term
with the similar dependence on a arises in the Einstein-
Cartan theory [23, 24], where ρq = −〈sµνsµν〉, the space-
time averaging is performed in order to make a transition
to macroscopic scales, sµν is the spin density and it is
assumed that the average 〈sµν〉 = 0.
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